An earlier proposed theory with linear-gonihedhic action A(M4) for quantum gravity, which requires the existence of a fundamental constant of dimension one is reviewed. One can consider this theory as a "square root" of classical gravity. We demonstrate also, that the partition function for the discretized version of the EinsteinHilbert action found by Regge in 1961 can be represented as a superposition of random surfaces with Euler character as an action and in the case of linear gravity as a superposition of three-dimensional manifolds with an action which is proportional to the total solid angle deficit of these manifolds. This representation allows to construct the transfer matrix which describes the propagation of space manifold. We discuss the so called gonihedric principle which allows to defind a discrete version of high derivative terms in quantum gravity and to introduce generalized deficit angles which suppress non-flat vertices, thus introducing intrinsic rigidity of spacetime. This note is based on a talk delivered at the II meeting on constrained dynamics and quantum gravity at Santa Margherita Ligure.
Introduction
Unification of gravity with other fundamental forces within the superstring theory essentially increased the interest to quantum gravity and to physics at Planck scale. In particular, string theory predicts modification of the gravitational action at Planck scale with additional high derivative terms and possible terms generated by Dbraines. In principle one can ask different qustions concerning physics at Planck scale refering to this effective action and in particular one can try to formulate direct regularization of the Euclidian path integral over simplicial manifolds using this effective action.
One of the basic elements in this definition of path integral over simplicial manifolds is the discrete version of the Einstein-Hilbert action which has been found long time ago by Regge [1] . This action allows to define properly summation over simplicial manifolds [1, [3] [4] [5] [6] [7] [8] [9] [10] [11] 14, 15] , and to consider nontrivial scaling behaviour of the theory.
The aim of this article is to review and to extend this approach to different modifications * Dedicated to Professor Tullio Regge at the occasion of his 65th birthday.
of gravity which follow from string theory and also to develop an alternative approach to quantum gravity which is based on new principles [16, 18, 19] . These geometrical principles allow one to extend the notion of Feynman integral over paths to an integral over manifolds in the sense that the manifold which degenerates into a single world line has an amplitude which is proportional to its length. This approach to quantum gravity was motivated by the fact that time evolution of the space M τ is described by an amplitude which should be proportional to the linear size of the universe M [16, 19] . This principle of linearity together with the continuity principle in the space of triangulations allows to define the linear action of the theory A(M ). For the three-dimensional gravity this linear action A(M 3 ) coinsides with the Regge action and in four dimensions it is essentially different because the Regge action S(M 4 ) has dimension two and is proportional to the area of the universe M 4 while the linear action A(M 4 ) is proportional to the linear size of the universe and can be considered as a "square root" of classical gravity. The linear character of the theory requires the existence of a new fundamental coupling constant of dimension one. In this theory the convergence of the partition function is better and the linear character of the theory allows to integrate over the lenghts of the links and to sum over different trinagulations at the same time [19] . One can expect that quantum fluctuations will generate an effective action at large distances, which coinsides with the classical gravity.
The first part of this review presents the above approach to quantum gravity, which is based on the idea that quantum mechanical amplitudes should be proportional to the "linear size" of the fluctuations. It is natural to call these amplitudes "linear" or "gonihedric" because their defination contains the sum of products of the characteristic lengths and angles of the fluctuations [16, 19] . In the second part we demonstrate that the simplicial quantum gravity which is based on the original Regge action can be represented as a superposition of topological amplitudes proportional to the Euler character. A similar result holds in quantum gravity based on gonihedric action A(M 4 ) where the superposition is over total deficit angles. This result allows one to construct the transfer matrix in gravity which describes the propagation of space manifold [19] . In the third part we review the systematic construction of the high derivative terms on a simplicial manifolds and discuss the possible consequences on spacetime rigidity. The rigidity can be understud as a property of system when the dynamical dimension in the form of the Hausdorff dimension d H coincide with the kinematical dimension d of the
2. Quantum gravity with linear-gonihedric action [19] Quantum gravity with linear-gonihedric action A(M d ) can be derived from natural physical requirements such as : α) coincidence of the transition amplitude with the usual Feynman path amplitude for a manifold M d degenerated to a single world line and β) the continuity principle for the transition amplitudes.
d=3.
To construct the three-dimensional quantum gravity with the linear action A(M 3 ) we shall apply the principles α) and β). In accordance with α) the quantum mechanical amplitude should be proportional to the linear size of the manifold and thus it must be proportional to the linear combination of the lengths of all edges of simplicial manifold M 3
where λ ij is the length of the edge between two vertices < i > and < j >, summation is over all edges < i, j > and Θ ij is unknown factor, which can be defined by use of the continuity principle β). Indeed, if we impose a new vertex < m > inside a given f lat tetrahedron < ijkl >, then for that new manifold we will get additional terms λ im Θ im + λ jm Θ jm + λ km Θ km + λ lm Θ lm to the action and we will get an extra terms imposing new vertices, despite the fact that the manifold does not actually change. To exclude such type of contributions we should choose gonimetric factor Θ ij so that it will vanish in f lat cases. This can be done by the use of the dihedral angles, therefore
where Θ(2π) = 0 and summation is over all dihedral angles β ij between triangular faces of tetrahedra which have the common edge < i, j >. These angles appear in the normal section of the edge < i, j >. This definition guarantees that flat edges, β ij = 2π, do not change the action. In analogy with the gonihedric string [16] one can also define more specific theories with the property that
thus we shall allow almost arbitrary functions of the deficit angle ω (2) ij = 2π − β ij . Generally speaking, a suitable selection of the gonimetric factor Θ can be done if we require a convenient scaling behavior of the theory [16] . We will use the following parametrization of the Θ(ω)
which for the case ς = 1 coincides with the Regge action [1]
and is the discrete version of the following continuous Hilbert-Einstein action
d=4. Let us consider now four-dimensional manifold M 4 . Using the same principles of linearity α) and continuity β) we can define the linear action A(M 4 ) for the four-dimensional quantum gravity as
where the first summation is extended over all edges of M 4 and the second summation is over two-dimensional normal sections of a given edge < i, j > and all triangles < ijk > which have a common edge < ij >, β ijk are the angles on the cone which appear in the normal section of the edge < ij > and triangle < ijk >. Geometrically the last factor is equal to the total area of the polyhedron on S 3 which corresponds to the spherical image of the edge < i, j >, that is to total deficit angle on all triangles sharing a given edge < i, j >. In short notation the action is
where ω (2) ijk is the deficit angle accociated with triangle < ijk >.
Let as combine all terms in (8) belonging to a given triangle < ijk >, then the sum λ ij + λ jk + λ ki = λ ijk is the perimeter of the triangle < ijk >, thus
This is an equivalent form of the action (8), therefore one can multiply the length of the edge by the total area of the polyhedron on S 3 which corresponds to the spherical image of that edge or the perimeter of the given triangle by the area of the image on S 3 which corresponds to that triangle (9) . The linear character of the theory requires the existence of a new fundamental coupling constant of dimension one. This linear theory is again intrinsic and has better chances to describe quantum gravity because the entropy factor is finite in this case.
The difference with the classical area action is that in (9) the perimeter of a triangle is multiplied by the deficit angle associated with the triangle and in the Regge action one should multiply the area of the triangle by the corresponding deficit angle
the summation is over all triangles in both cases. The third equivalent form of the linear action (8) (9) can be found by using Gauss-Bonne theorem. Indeed at the vertex < i > of a threedimensional simplex we have [24] [25] [26] [27] [28] [29] 
where ω (2) ij is the total deficit angle associated with all edges < ij > with a common vertex < i > and Ω (3) ijkl is the total solid angle of all tetrahedra < ijkl > adjacent to a vertex < i >. Let us consider the normal section of the edge < ij > of the four-dimensional manifold M 4 and then apply the above theorem to a three-dimensional vertex which appears in the normal section ijkl (12) where 4π − Ω
ijkl ≡ Ω
ij is the solid angle deficit associated with edge < ij >. Thus the gonihedric action (8) can be rewritten in the form
This is a new result and we will use this expression in the next section to represent linear gravity in the form of superposition of topological amplitudes.
In his basic paper on the subject Regge (1961) notes that one can derive Einstein's equations in empty space by the variation of the action over lengths of the edges δλ ij as if the deficit angles ω (2) ijk were constant δ ω (2) ijk = 0 . The same result holds in our case, therefore we can find equations for the gravity with gonihedric action (9)
It is usefull to compare this equations with the Regge equations
ijk ctg γ ijk = 0 (15) where γ ijk is the angle which is opposite to the edge < ij > in the triangle < ijk >. As we have seen the equations are slightly simpler than in the classical general relativity but still nontrivial in the sence that the spacetime is not simply flat as is the case of three-dimensional gravity where the equations have the form
that is three dimensional Einstein spacetime is flat. The partition function of the simplicial quantum gravity with linear action (9) can be represented in the form
and one can expect that quantum fluctuations will generate effective action which is proportional to Einstein-Hilbert action (18) 3. Quantum gravity as a superposition of topological amplitudes [19, 33] Our aim now is to represent quantum gravity with the action (5) and (10) as a superposition of less complicated geometrical theory of random surfaces with Euler character as an action
where ω (2) ver is the deficit angle associated with the vertex and summation is over all verteces of the surface M 2 . Let us consider the intersection of the simplicial manifold M 3 which is embedded into Euclidean space of arbitrary large dimension d by
because dimM
We will see now that the linear action A(M 3 ) is the sum of Euler characters of all surfaces which appear in the intersection {M
where
and ω
are the angles in the intersection of the plane E with the edge < i, j > and ω E ij = 0 for the edges of M 3 which are not intersected by the given plane E.
The formula (21) follows from the fact that the average of the angle β E ij over all intersecting planes {E} is equal to dihedral angle β ij and that the number of planes which intersect the given edge < i, j > is proportional to its length λ ij [30] [31] [32] [33] 19] < β
Therefore we have the following representation of the partition function of the three-dimensional quantum gravity
In deriving this result we supposed that the universe had been embedded into a flat Euclidean space of arbitrary large dimension d , which seems not to be a very strong restriction, but still necessary element in this construction.
In four dimensions the action (10) is proportional to the area S(M 4 ) of the four-dimensional universe M 4 and we shall again assume that it is embedded into Euclidean space of an arbitrary large dimension d. Then the intersection (the tomography) of the universe
. The same arguments as before allow to show that
where the summation is extended over all d − 2 dimensional planes {E} and we have used the fact that
Thus the action S(M 4 ) (10) is equal to the sum of Euler characters χ(M E 2 ) over all intersecting planes {E}. With this result we have the same representation (24) for the partition function of the four-dimensional quantum gravity.
This result has a general nature and can be extended to high dimensions as well. Indeed the Regge action for k-dimensional universe M k has the form (27) where v i1...i k−1 is the volume element of the k − 2-dimensional subsimplex of the k-dimensional simplex < i 1 ...i k > and ω
is the deficit angle associated with the face < i 1 ...i k−1 >.
As in low dimensional cases we will consider M k embedeed into Euclidean space of arbitrary large
and the Euler character of that surface is equal to
are the angles in the intersection of the plane E with the subsimplex < i 1 ...i k−1 > and
The partition function of the k-dimensional gravity with action (5), (10) and (27) can be represented now in the form
The similar result holds for gravity with linear action (8) , (9) and (13) . The intersection of M 4
Introducing the integral invariant which is equal to total solid angle deficit of the manifold M
we get
which coinsides with (13) if we use the formula
Thus in the heart of the general relativity is the universal topological theory with Euler character as an action and the new invariant in the case of linear gravity.
Transfer matrix [18,19]
In (24) and (32) the summation is not over independent two-dimensional surfaces {M E 2 }, because these surfaces "remember" a parent manifold M k , from which they appear in the prosses of slicing. The problem is to pass from summation over two-dimentional surfaces M E 2 to the summation over independent surfaces {M τ 2 } the union of which can "reproduce" any random manifold {M k }. These problem (constraints) can be resolved geometrically if we consider the system on the lattice. When the continuous Euclidean space is replaced by the Euclidean lattice, where the surfaces and the manifolds are associated with the collection of the plaquettes and cubes, then the product over all intersecting planes {E} can be evaluated to a product over planes {E τ } which are perpendicular to a given time direction τ
), (36) where
) } (38) and the independent summation is extended over all surfaces {..M ). This formula is valid when Θ(ω) = |2π − ω|, the embedding space has dimension four and selfintersection coupling constant k is equal to infinity [19] .
Gonihedric principle and intrinsic rigid-
ity of spacetime [20] In this section we will describe the regular way of constructing the integral invariants on a simplicial manifold which naturally reproduces the Regge result and allows to construct large class of new integral invariants which can serve in our attempt to formulate well defined path integral in quantum gravity.
The method is based on the Steiner idea of parallel manifold [34, 35, 17] . The hypervolume of the parallel manifold M ρ n−1 can be expanded into a polynomial of a distance ρ from the original manifold M n−1 . Every term of this expansion represents an integral invariant µ k (M n−1 ) k = 0, 1, ..., n−1 constructed on the n−1-dimensional manifold M n−1 through the curvature tensor [35] .
Let us consider for that a compact orientable hypersurface M n−1 embedded in an Euclidean space E n and define a parallel manifold M ρ n−1 as a set of all points at a distance ρ from M n−1 . Then for ρ sufficiently small the hypervolume µ 0 (M ρ n−1 ) of the parallel manifold is equal to
simply because n − 1 principal curvatures for the parallel manifold M ρ n−1 are equal to R i + ρ, i = 1, 2, .., n − 1. Expanding the product of the integrand one can get
thus generating the whole sequence of integral in-
The main idea of the construction of the discrete invariants is based on the fact that this expansion can be evaluated not only for smooth manifolds but for the simplicial manifolds as well. This allows to find out discrete versions of the above classical µ k (M n−1 ) invariants which includes also the Hilbert-Einstein action µ 2 (M n−1 ).
To demonstrate the method let us consider Steiner expansion for the hyper-volume Ω of a smooth manifold M 4
and compare with the same expression for a piecewise linear manifold M 4 , then one can get the discrete versions of the above invariants [20] 
where we introduce internal angles β i , β ij , β ijk between one, two and three simplexes and α ijkl for the external angle between two four-dimensional simplexes, as well as the notation v ijklm for the four-volume of the four-simplex ijklm and the notation ω Note that ω 4 i is independent of the external angle α. This is in agreement with the general pattern which states that the coefficients to even powers of ρ are intrinsic integral invariants, while the coefficients to the odd powers of ρ contain reference to the extrinsic geometry. The whole fourvolume (47) obtained by summation over all vertices of the piecewise linear manifold M 4 is proportional to the Euler-Poincare character in the same way as in the two-dimensional case (19) .
The important lesson which we learn from Steiner expansion for smooth and non-smooth triangulated manifolds (43)- (47) is that in all these cases the integral invariants µ k (M n−1 ) are the product of the volume of the faces of M n−1 and the volume of the corresponding normal images of these faces
here the "face" means vertex, edge, triangle, tetrahedron .. and high dimensional subsimplexes of M n−1 . Using the gonihedric property (48) of the integral invariants one can construct new invariants on a manifold M n−1 [20] . To maintain locality one should always multiply the volume of the face by the different invariant measures on the corresponding image The only restriction is that the topological measures on the spherical images should be excluded, because a given vertex can be deformed into a flat one, in which case the spherical image shrinks to zero leaving nonzero topological invariant. Therefore one should always exclude topological measures on a spherical images when exploring new invariants [20] .
To analyze the possible new integral invariants in four and higher dimensions, we need to introduce a universal notation for solid angles on the faces of a simplex and on the corresponding spherical images. We shall use Ω (k) for solid angle at a vertex of a k-dimensional simplex and ω (k) for the solid angles on spherical images. All these solid angles are functions of the previously introduced angles denoted by α's and β's with various indices.
The geometric measures on the spherical image of the vertex i are: hyper-volume, volume, area and length [20] ω (4) i , ω
ijk ω
ijk , Ω
ijkl ω
ijkl .
Using these measures one can construct new invariant of the "area" type (like S(M 4 )), namely
There are two new invariants of "length" type (i.e. like A(M 4 )):
and finally three new invariants which are dimensionless, (like χ(M 4 )):
We shall perform now the dual transformation of the above invariants and address the question of their internal and external properties.
To get the dual form of the above invariants we combine terms in the parentheses belonging to the same tetrahedron in the first, third and sixth of the invariants in (51)-(53):
Hence, we have the following sequence of invariants constructed from ω (1) ijkl associated with tetrahedron ijkl :
where ω
ijkl = π − α ijkl is the angle between two neighboring four-dimensional simplexes having a common tetrahedron ijkl of volume v ijkl , area σ ijkl , length λ ijkl and total internal solid angle Ω ijkl .
Combining the second and the fifth term in the parentheses in (51) and (53) belonging to the same triangle
we get integral invariants constructed from ω
ijk 's associated to triangles < ijk >:
where ω (2) ijk = 2π − β ijk is the deficit angle on the triangle ijk which have the area σ ijk , the perimeter λ ijk and as usually the sum of internal angles equal to π. The first invariant in this family coincides with discrete version of the HilbertEinstein action [1] , the second coincides with the linear action which we already discussed in the first section [19] and the last one is equal to the total deficit angle of the whole manifold [20] .
The fourth invariant is simply equal to the volume of the spherical image of the edge and associated to the linear term (46) we have two integral invariants constructed from the three-volume of the spherical image ω (3) ij of the edge ij :
Because the spherical images ω (k) are defined through the embedding of the manifold into Euclidean space it is not an easy task to understand why part of the integral invariants (55), (57),(58) and (47) does not actually depend on the embedding. The reason is that, for the smooth manifold the integral invariants are built up by the Riemann tensor and thus are independent of its embedding in Euclidean space. For the discrete version of the classical invariants and for the new ones this can be seen by applying the Gauss-Bonnet theorem to a spherical images [20] and expressing the measures on the image ω (k) through the internal angles .
The Gauss-Bonnet theorem provides us with general relations between the volume of the spherical image ω (k) of the vertex and the solid angles Ω (k) associated to the vertex. Indeed, the GaussBonnet theorem for the two-dimensional triangulated surface can be formulated in the form [24] [25] [26] [27] [28] [29] 
Hence, summing over all vertices in the triangulation one can see that
where N 0 is the number of vertices and N 2 the number of triangles on the surface M 2 . This can be generalised to four dimensions: in every vertex of the simplicial manifold M 4 we have [24] [25] [26] [27] [28] [29] 36] 
tot .
The Euler-Poincare character is
and comparing with the discretized version (66) of χ(M 4 ) it is not unnatural to associate higher powers of the integral of curvature tensors with linear combinations of Ω (4) tot and ω
tot . From these considerations it seems that the general discretized action in simplicial fourdimensional gravity should be of the form: [20] 
